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COMPLETE SUBMANIFOLDS WITH RELATIVE NULLITY IN
SPACE FORMS
SAMUEL CANEVARI, GUILHERME MACHADO DE FREITAS, FELIPPE GUIMARA˜ES,
FERNANDO MANFIO, AND JOA˜O PAULO DOS SANTOS
Abstract. We use techniques based on the splitting tensor to explicitly inte-
grate the Codazzi equation along the relative nullity distribution and express
the second fundamental form in terms of the Jacobi tensor of the ambient
space. This approach allows us to easily recover several important results in
the literature on complete submanifolds with relative nullity of the sphere as
well as derive new strong consequences in hyperbolic and Euclidean spaces.
Among the consequences of our main theorem are results on submanifolds
with sufficiently high index of relative nullity, submanifolds with nonpositive
extrinsic curvature and submanifolds with integrable relative conullity. We
show that no complete submanifold of hyperbolic space with sufficiently high
index of relative nullity has extrinsic geometry bounded away from zero. As
an application of these results, we derive an interesting corollary for complete
submanifolds of hyperbolic space with nonpositive extrinsic curvature and dis-
course on their relation to Milnor’s conjecture about complete surfaces with
second fundamental form bounded away from zero. Finally, we also prove that
every complete Euclidean submanifold with integrable relative conullity is a
cylinder over the relative conullity.
1. Introduction
The index of relative nullity introduced by Chern-Kuiper [5] is a fundamental
concept in the theory of isometric immersions. At a point x ∈Mn, the relative nul-
lity subspace ∆(x) of f is the kernel of the second fundamental form of f at x, and
the index of relative nullity ν(x) is the dimension of ∆(x). It is well known that,
on each open subset where the index of relative nullity is a positive constant, the
submanifold is foliated by totally geodesic submanifolds of the ambient space. This
fact imposes strong restrictions on complete submanifolds of space forms with rela-
tive nullity, since the leaves of the minimum relative nullity foliation of a complete
submanifold are also complete.
The attempt to understand the obstructions imposed by the presence of relative
nullity at any point has been of great interest in submanifold theory over the last
four decades. For hypersurfaces in space forms with constant index of relative
nullity, there is a useful parametrization introduced by Dajczer-Gromoll [6], the
so-called Gauss parametrization, which provides a complete local description of
the hypersurface in terms of its Gauss map. In higher codimension, there are
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several works of both local and global nature on the structure of submanifolds with
positive index of relative nullity, e.g., Abe [1], Maltz [2], de Freitas-Guimara˜es [18],
and Dajczer, Kasioumis, Savas-Halilaj and Vlachos [8, 9, 10].
Given a submanifold of a space form with positive index of relative nullity, there is
a natural tensor associated to its relative nullity distribution, the so-called splitting
tensor of the submanifold. The splitting tensor was first introduced by Rosenthal
[23] under the name ‘conullity operator’ and was shown to satisfy a Riccati-type
ODE by Abe [1]. This equation has proved to be a powerful tool in understanding
the behavior of the second fundamental form along geodesics contained in the leaves
of relative nullity and has been widely used in the literature. For instance, it is a key
ingredient in the proof of Sacksteder’s ridigity theorem [24] and its generalizations.
The solution of the aforementioned ODE allows us to express the splitting tensor
of the submanifold explicitly in terms of a Jacobi-type operator J of the ambient
space. Moreover, the Codazzi equation can also be explicitly integrated along the
relative nullity distribution and as a consequence the shape operators can be written
in terms of J too. We point out that, although information on the behaviour of the
shape operators Aξ along the leaves of relative nullity obtained from the differential
equation satisfied by them has been used in several works (see Dajczer-Tojeiro [11]
for instance), the explicit solution of Aξ in terms of J had proved elusive.
The main goal of this article is to explore the explicit integrability of the Co-
dazzi equation along the relative nullity distribution to derive strong consequences
for complete submanifolds of space forms. Among the many achievements of our
approach are results on sufficiently high index of relative nullity, nonpositive extrin-
sic curvature and integrable conullity. In particular, our main result on complete
submanifolds with nonpositive extrinsic curvature in a space form yields a com-
plete solution of the natural higher-dimensional version of Milnor’s conjecture for
hyperbolic ambient space (see Section 3).
1.1. Sufficiently high index of relative nullity. Among the main applications
of the completeness of the leaves of minimum relative nullity foliation is the rigidity
of the totally geodesic inclusion of a round sphere Sn into Sn+p, p ≤ n − 1. This
is the main result of Ferus [14], which extends a previous result by O’Neill-Stiel
[22]. Notice that, by the Chern-Kuiper inequality [5], we have ν⊥ ≤ p everywhere
for an extrinsically flat submanifold of a space form with codimension p, where
ν⊥ = n − ν stands for the index of relative conullity of the submanifold. As an
immediate consequence of Lemma 32 in Florit-Guimara˜es [15], we actually have
that any isometric immersion f : Mn → Sn+p of a complete Riemannian manifold
is totally geodesic provided that its index of minimum relative nullity ν0 is at
least the Radon-Hurwitz number ρ
(
ν⊥0
)
at every point. The situation for complete
submanifolds with relative nullity in Hn+p is far more complicated than in Sn+p.
Indeed, even in the simplest case of isometric immersions of Hn into Hn+1, there
exist many nontotally geodesic examples, as shown by Ferus [13], Nomizu [21] and
Alexander-Portnoy [3]. However, none of these isometric immersions have extrinsic
geometry (i.e., second fundamental form) bounded away from zero, and this is a
more general phenomenon, according to our main result on complete submanifolds
with sufficiently high index of relative nullity in Hm.
Theorem 1. Let f : Mn → Hm be an isometric immersion of a complete Rie-
mannian manifold. If ν0 ≥ ν⊥0
(
ν⊥0 + 1
)
/2, then f does not have extrinsic geometry
bounded away from zero.
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1.2. Submanifolds with nonpositive extrinsic curvature. In [4], Borisenko
showed that submanifolds with nonpositive extrinsic curvature in low codimension
necessarily have a high index of relative nullity. This result was improved by Florit
[16] to the sharp inequality ν ≥ n−2p, which implies that any isometric immersion
f : Mn → Sn+p of a complete Riemannian manifold is totally geodesic provided
that n−νn ≥ 2p+1, where νn = max{k : ρ(n−k) ≥ k+1}. Using Florit’s inequality,
we are able to obtain novel results in a similar vein for hyperbolic ambient space.
Theorem 2. Let f : Mn → Hn+p be an isometric immersion of a complete Rie-
mannian manifold with nonpositive extrinsic curvature. If n ≥ 2p2 + 3p, then f
does not have extrinsic geometry bounded away from zero.
An interesting application of the above result is the minimality of complete
submanifolds of hyperbolic space with nonpositive extrinsic curvature and parallel
mean curvature in low codimension. Indeed, we have a slightly more general result.
Corollary 1. Let f : Mn → Hn+p be an isometric immersion of a complete Rie-
mannian manifold with nonpositive extrinsic curvature and mean curvature vector
field with constant length. If n ≥ 2p2+3p, then f is minimal. In particular, a com-
plete CMC hypersurface of Hn+1 with nonpositive extrinsic curvature is necessarily
minimal if n ≥ 5.
1.3. Submanifolds with integrable relative conullity. Every submanifold with
integrable relative conullity ∆⊥ is locally (globally if it is simply connected and the
leaves of ∆ are complete) a generalized cylinder (cf. Tojeiro [26] and Dajczer-Tojeiro
[11]). The integrability of ∆⊥ is equivalent to the fact that the splitting tensor CT
of ∆ is selfadjoint for all T ∈ Γ(∆). It turns out that this characterization still
holds for any smooth totally geodesic distribution D ⊂ ∆. In this work, we take
advantage from the latter fact to obtain a complete characterization of cylinders in
Euclidean space as well as a universal bound for the extrinsic geometry of the rela-
tive conullity leaves in hyperbolic space. We also explicitly state a characterization
of totally geodesic submanifolds of the sphere in the same vein which, although
following immediately from Lemma 32 in Florit-Guimara˜es [15], had never been
stated before in the literature, as far as we are aware.
Theorem 3. Let f :Mn → Qmc be an isometric immersion of a complete Riemann-
ian manifold and let D be a smooth totally geodesic distribution of rank 0 < k ≤ n
such that D(x) ⊂ ∆(x) for all x ∈ Mn. Suppose that the orthogonal complement
D⊥ is integrable. Then:
(i) If c > 0, we have k = n, i.e., f is totally geodesic.
(ii) If c = 0, f is a k-cylinder.
(iii) If c < 0, the inclusion i : Ln−k →Mn of any leaf Ln−k of D⊥ has extrinsic
geometry bounded by
√−c.
2. Proofs
The key point to prove all of our main results stated in the introduction is
the fact that the Codazzi equation can be explicitly integrated along the relative
nullity distribution, which enables us to have a deep understanding on the behavior
of the second fundamental form along the leaves of relative nullity. We will start
by introducing some definitions and notations that will be used throughout this
section.
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Let f : Mn → M˜n+p be an isometric immersion. We denote by α and Aξ the
second fundamental form and the shape operator of f with respect to a normal
vector ξ, respectively. The relative nullity subspace ∆(x) of f at x is the kernel of
its second fundamental form α at x, that is,
∆ (x) = {X ∈ TxM : α (X,Y ) = 0 for all Y ∈ TxM} .
The orthogonal complement ∆⊥ (x) of ∆ (x) in TxM is called the relative conullity
subspace of f at x. The dimensions ν (x) and ν⊥ (x) of ∆ (x) and ∆⊥ (x) are the
index of relative nullity and the index of relative conullity of f at x, respectively.
The isometric immersion f is said to be totally geodesic at x ∈ Mn if ν (x) = n,
or equivalently, ν⊥(x) = 0. If ν ≡ n then f is called a totally geodesic isometric
immersion.
Let D be a smooth distribution on Mn, the splitting tensor C of D is the map
C : Γ(D)× Γ(D⊥)→ Γ(D⊥) defined by
C(T,X) = CTX = − (∇XT )D⊥ ,
where ( )D⊥ stands for the orthogonal projection onto D
⊥. It is easily checked that
C is tensorial with respect to both variables and hence gives rise to an endomor-
phism CT : D
⊥(x) → D⊥(x) for any x ∈ Mn and T ∈ D(x), which we call the
splitting tensor of D at x with respect to T .
We are particularly interested in the case in which D is totally geodesic and
D(x) ⊂ ∆(x) for all x ∈ Mn. In order to integrate the Codazzi equation along D,
we need the lemma below, which provides useful information on the behavior of CT
and Aξ along ∆ (a proof can be found in Dajczer-Tojeiro [11]).
Lemma 1. Let f : Mn → Qmc be an isometric immersion of a Riemannian mani-
fold and let D be a smooth totally geodesic distribution such that D(x) ⊂ ∆(x) for
all x ∈Mn. The differential equation
(2.1) ∇TCS = CSCT + C∇T S + c 〈T, S〉 I
holds for all S, T ∈ Γ(D). In particular, the operator Cγ′ along a unit speed geodesic
γ contained in a leaf of D satisfies the differential equation
(2.2)
D
dt
Cγ′ = C
2
γ′ + cI.
Moreover, the differential equation
(2.3)
D
dt
Aξ = AξCγ′
holds for every parallel normal vector field ξ along γ.
Let γ : [0, b) → M be a geodesic such that γ′(0) ∈ D(γ(0)) contained in a leaf
of D, the solution of the Jacobi equation J ′′γ′(0) + cI = 0 along γ with initial values
Jγ′(0)(0) = I, J
′
γ′(0)(0) = −Cγ′(0) is given by
(2.4) Jγ′(0)(t) =


cos
√
ctI − (sin√ct/√c)Cγ′(0), if c = 1
cosh
√−ctI − (sinh√−ct/√−c)Cγ′(0), if c = −1
I − tCγ′(0), if c = 0.
Finally, we denote by E
Cγ′(0)
λ the eigenspace of Cγ′(0) associated to the eigenvalue
λ ∈ R and by Pt0 the parallel transport from γ(0) to γ(t) along γ, respectively. We
are now in a position to state our main proposition.
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Proposition 1. Let f : Mn → Qmc be an isometric immersion, and let D be a
smooth totally geodesic distribution of rank 0 < k < n on an open subset U ⊂ Mn
such that D(x) ⊂ ∆(x) for all x ∈ U . If γ : [0, b) → U is a unit speed geodesic
such that γ′(0) ∈ D (γ(0)), then Jγ′(0) is invertible in [0, b), and the splitting tensor
Cγ′(t) of D along γ is given by
(2.5) Cγ′(t) = P
t
0 ◦
(
−J ′γ′(0)(t)Jγ′(0)(t)−1
)
◦ (Pt0)−1 .
Moreover, the second fundamental form α of f along γ is given by
(2.6) αγ(t) = P
t
0 ◦ αγ(0)
(
Jγ′(0)(t)
−1 ◦ (Pt0)−1 , (Pt0)−1
)
.
Equivalently, the shape operator Aξt of f with respect to a parallel normal vector
field ξt along γ is given by
(2.7) Aξt = P
t
0 ◦Aξ0Jγ′(0)(t)−1 ◦
(
P
t
0
)−1
.
In particular, ImAξt and kerAξt are parallel with respect to ∇ along γ. Therefore,
Aξt has constant rank along γ, and hence the numbers of positive and negative
eigenvalues remain constant along γ. Furthermore, Cγ′(t) is symmetric with respect
to αγ(t), or equivalently, the endomorphism AξtCγ′(t) of D
⊥ (γ(t)) is symmetric,
and thus kerAξt is invariant by Cγ′(t). In addition:
(i) If c > 0 and b ≥ π/√c, then Cγ′(0) can have no real eigenvalues. In
particular, Cγ′(0) cannot be symmetric. Also, for any normal direction at
γ(0) the numbers of positive and negative principal curvatures are equal.
(ii) If c ≤ 0 and γ extends to a geodesic ray γ˜ : [0,∞) → U , then all the real
eigenvalues of Cγ′(0) belong to the interval
(−∞,√−c]. Also, for any pair
of parallel tangent vector fields Xt and Yt along γ such that X0 /∈ ECγ′(0)√−c
we have that αγ(t) (Xt, Yt) → 0, or equivalently, AξtXt → 0 as t → ∞.
In particular, if
√−c is not an eigenvalue of Cγ′(0), then αγ(t) → 0, or
equivalently, Aξt → 0 as t→∞. In the case X0 ∈ E
Cγ′(0)√−c we have that:
(ii.a) If c = 0, then αγ(t) (Xt, Yt) and AξtXt are parallel along γ with respect
to ∇⊥ and ∇, respectively.
(ii.b) If c < 0, and αγ(0) (X0, Y0) 6= 0 or Aξ0X0 6= 0, then αγ(t) (Xt, Yt)→∞
and AξtXt → ∞ as t → ∞, respectively. If αγ(0) (X0, Y0) = 0 or
Aξ0X0 = 0, then αγ(t) (Xt, Yt) ≡ 0 and AξtXt ≡ 0, respectively.
Furthermore, if γ extends to a geodesic line γ˜ : (−∞,∞) → U , we have
that:
(ii.1) If c = 0, then the only possible real eigenvalue of Cγ′(0) is 0. In
particular, if Cγ′(0) is symmetric, then Cγ′(0) = 0.
(ii.2) If c < 0, then all the real eigenvalues of Cγ′(0) belong to the interval[−√−c,√−c]. Also, if either √−c or −√−c is not an eigenvalue of
Cγ′(0), then αγ(t) → 0, or equivalently, Aξt → 0 as either t → ∞ or
t→ −∞, respectively.
Proof. Let T ∈ Γ (γ∗ (End (∆⊥))) be the unique solution of the differential equa-
tion
(2.8)
D
dt
T + Cγ′T = 0
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with initial condition T (0) = I. Using (2.2) and (2.8) we have that T is also a
solution on [0, b) of the second order differential equation with a constant coefficient
(2.9)
D2
dt2
T + cT = 0.
On the other hand, it is straightforward to check that J(t) = Pt0 ◦ Jγ′(0)(t) ◦ (Pt0)−1
also satisfies (2.9). Since J(0) = I = T (0) and DJ/dt(0) = −Cγ′(0) = DT/dt(0),
we conclude that T = J on [0, b). Thus, by the uniqueness theorem for solutions of
equation (2.8), for each t ∈ [0, b) the endomorphism J(t) of D⊥ (γ(t)) is invertible,
and (2.5) holds. Now, let A(t) = Pt0 ◦ Aξ(0)Jγ′(0)(t)−1 ◦ (Pt0)−1, t ∈ [0, b). Using
(2.5) we have that A also satisfies (2.3). Since A(0) = Aξ(0), we conclude that (2.7),
and equivalently (2.6), holds. That AξCγ′ is symmetric follows immediately from
equation (2.3), and the remaining assertions above part (i) are direct consequences
of equation (2.7).
If c > 0, then the function
√
c cot
√
ct takes every real value for t ∈ [0, π/√c),
and since Jγ′(0)(t) is invertible, this implies that Cγ′(0) can have no real eigenvalues
when b ≥ π/√c. Also, Jγ′(0)(t) → −I as t → π/
√
c, so (Pt0)
−1 ◦ Aξt ◦ Pt0 → −Aξ0
as t → π/√c, and since the numbers of positive and negative eigenvalues of Aξt
remain constant along γ, we conclude that they must be equal.
Similarly, if c < 0, then the function
√−c coth√−ct takes every value in the
interval
(√−c,∞) for t ∈ [0,∞), hence all the real eigenvalues of Cγ′(0) must
belong to the interval
(−∞,√−c] when γ extends to a geodesic ray γ˜ : [0,∞)→ U .
Also, for every complex number λ 6= √−c, we have that the function cosh√−ct−(
sinh
√−ct/√−c)λ → ∞ as t → ∞, and then Jγ′(0)(t)X0 → ∞ as t → ∞ for any
parallel vector field Xt along γ as long as X0 /∈ ECγ′(0)√−c . By equation (2.7), we
conclude that AξtXt → 0 as t → ∞. On the other hand, when λ =
√−c, then
cosh
√−ct− (sinh√−ct/√−c)λ = cosh√−ct− sinh√−ct → 0 as t →∞. Hence,
if X0 ∈ ECγ′(0)√−c , we conclude from (2.6) and (2.7) that αγ(t) (Xt, Yt) → ∞ and
AξtXt → ∞ as t → ∞ when αγ(0) (X0, Y0) 6= 0 and Aξ0X0 6= 0, respectively. The
last assertion in part (b) follows from the parallelism of kerAξt with respect to ∆
along γ and from
αγ(t) (Xt, Yt) = P
t
0 ◦ αγ(0)
(
Jγ′(0)(t)
−1X0, Y0
)
= Pt0 ◦ αγ(0)
(
1
cosh
√−ct− sinh√−ctX0, Y0
)
.
If γ extends to a geodesic line γ˜ : (−∞,∞) → U , then the real eigenvalues of
Cγ′(0) belong to the interval
(−∞,√−c] ∩ [−√−c,∞) = [−√−c,√−c], and if
either
√−c or −√−c is not an eigenvalue of Cγ′(0), then
√−c is not an eigenvalue
of either Cγ′(0) or C−γ′(0), hence αγ(t) → 0, or equivalently, Aξt → 0 as either
t→∞ or t→ −∞, respectively. Case c = 0 is analogous. 
Proposition 1 will allow us to derive all the results in this work with little effort.
Besides that, for complete submanifolds with relative nullity in the sphere, we have
that Jγ′(0)(0) = −Jγ′(0)(π) for any geodesic γ as in Proposition 1. From this fact,
we easily recover an important result due to Dajczer-Gromoll [7], which states that
at any point where the index of relative nullity is minimal and for any normal
direction at that point the numbers of positive and negative principal curvatures
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are equal. Notice also that Lemma 32 in Florit-Guimara˜es [15] is embedded in part
(i) of Proposition 1.
The idea of the proof of Theorem 1 now comes down to finding a direction in
which the splitting tensor is well behaved.
Proof of Theorem 1. Let x0 ∈ Mn such that ν (x0) = ν0. Consider the linear map
L : ∆ (x0)⊕ Skew
(
∆⊥ (x0)
)⊕ R→ End (∆⊥ (x0)) given by
L (T, S, λ) = CT + S+ λI.
Since ν0 ≥ ν⊥0
(
ν⊥0 + 1
)
/2, we conclude that L cannot be injective. Hence, there
exists a unit vector T0 ∈ ∆(x0) such that CT0 ∈ Skew
(
∆⊥ (x0)
)
+ span{I}. Re-
placing T0 with −T0 if necessary, we can assume that
√−c is not an eigenvalue of
CT0 . Then JT0(t)
−1 → 0 as t → +∞. By Proposition 1, we conclude that α → 0
along the geodesic starting from x0 in the direction T0. 
Using the results in Florit [16] we obtain Theorem 2 almost as a corollary of
Theorem 1.
Proof of Theorem 2. It follows from Florit’s nullity estimate [16] that ν0 ≥ n− 2p.
Thus ν⊥0 ≤ 2p and it is straightforward to check that the estimate n ≥ 2p2 + 3p
implies the one in Theorem 1. 
The proof of Corollary 1 follows the same ideas as in the previous theorem.
Proof of Corollary 1. It follows from the Gauss equation that the scalar curvature
s of Mn is given by
(2.10) s = −1 + n
n− 1 ‖H‖
2 − 1
n(n− 1) ‖α‖
2 ,
where H is the mean curvature vector of f and ||α|| denotes the norm of the second
fundamental form, given by
||α||2 =
n∑
i,j=1
||α(ei, ej)||2,
for an orthonormal tangent basis e1, . . . , en. If the extrinsic sectional curvature is
nonpositive, then s ≤ −1 and consequently, by Equation (2.10), we have
‖α‖2 ≥ n2 ‖H‖2 .
By Theorem 2, f does not have extrinsic geometry bounded away from zero. Since
‖H‖ is constant, we must have ‖H‖ = 0. 
To prove Theorem 3 we will need the lemma below, which deals with the case
where the conullity is totally geodesic and whose local version is well known (cf.
Dajczer-Tojeiro [11]).
Lemma 2. Let f :Mn → Qmc be an isometric immersion of a complete Riemann-
ian manifold and let D be a smooth totally geodesic distribution of rank 0 < k ≤ n
such that D(x) ⊂ ∆(x) for all x ∈ Mn. If the conullity distribution D⊥ is totally
geodesic, then c = 0 and f is a k-cylinder.
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Proof. Since the splitting tensor C of D vanishes identically, it follows from (2.1)
that c = 0. Because D is totally geodesic, D ⊂ ∆ and Mn is complete, so are the
leaves of D and they are mapped by f onto k-dimensional affine subspaces of Rm,
thus Ln−k = M/D is a smooth manifold of dimension n − k and the projection
π : Mn → Ln−k is a vector bundle. The fact that the distribution D⊥ is totally
geodesic yields
(2.11) ∇˜Xf∗T = f∗∇XT ∈ Γ(D)
for all X ∈ Γ (D⊥) and T ∈ Γ(D). Thus V k = f∗D is constant in Rm, and the
map ϕ : Mn → Ln−k × V k given by
ϕ(x) = (π(x), f(x)V )
is a global trivialization of π, where ( )V stands for the orthogonal projection onto V .
Moreover, the map g˜ :Mn → V ⊥ given by g˜(x) = f(x)V ⊥ projects to an immersion
g : Ln−k → V ⊥ whose induced metric on Ln−k turns ϕ into an isometry. Finally,
it is straightforward to check that
f = (g × I) ◦ ϕ,
where I : V → V denotes the identity map.

We are now able to understand the behavior of complete submanifolds with
integrable conullity in space forms.
Proof of Theorem 3. Since Mn is complete and D is totally geodesic, the leaves of
D are also complete. Since D⊥ is integrable, the splitting tensor CT is symmetric
for all T ∈ D, thus part (i) follows from part (i) of Proposition 1. If c = 0, part
(ii.1 ) of Proposition 1 implies that C = 0. Thus, D⊥ is totally geodesic, and part
(ii) follows from Lemma 2. Part (iii) is immediate from part (ii.2 ) of Proposition
1, since AiT = CT for every T ∈ NiL(x) = ∆(x) and every x ∈ Ln−k. 
3. Milnor’s conjecture
In the 1960s, motivated by the then-recent result of Efimov [12] on the nonexis-
tence of complete Euclidean surfaces with negative Gaussian curvature K bounded
away from zero, J. Milnor suggested a conjecture concerning complete Euclidean
surfaces whose K does not change sign. It states that such a surface must have
an umbilic, or else have points at which both principal curvatures simultaneously
assume values arbitrarily close to zero.
Conjecture 1 (Milnor [20]). Let f : M2 → R3 be a complete umbilic-free surface
with extrinsic geometry bounded away from zero. Then either the Gauss curvature
K of f changes sign or else K ≡ 0.
A small step toward the solution of the above conjecture was obtained by Smyth-
Xavier [25], where a consequence of their principal curvature theorem is that any
complete surface of nonpositive Gauss curvature in R3 with one of its principal
curvatures bounded away from zero must be a cylinder. Milnor-type results were
also obtained for surfaces of H3 and S3 by Ga´lvez-Mart´ınez-Teruel [17], where the
authors use an abstract result about Codazzi pairs to prove that no complete surface
can be immersed into H3 or S3 with nonpositive extrinsic or intrinsic sectional
COMPLETE SUBMANIFOLDS WITH RELATIVE NULLITY 9
curvature, respectively, and one of its principal curvatures bounded away from
zero.
It is interesting to investigate a similar question for hypersurfaces of space forms.
Note that the same principal curvature theorem of Smyth-Xavier [25] coupled with
Hartman-Niremberg theorem [19] actually implies that every complete hypersurface
in Rn+1 with nonpositive sectional curvature and one of its principal curvatures
bounded away from zero is necessarily a cylinder over a plane curve. In Sn+1,
Lemma 32 of Florit-Guimara˜es [15] yields that any complete hypersurface with
nonpositive extrinsic sectional curvature must be totally geodesic for n ≥ 4. On
the other hand, if n = 3 the polar map ψ : N1fS
2
1/3 → S4 of the Veronese surface
f : S21/3 → S4, given by
ψ (y, w) = w,
is a minimal isoparametric hypersurface with three distinct principal curvatures and
index of relative nullity ν ≡ 1. Thus, ψ gives a nontotally geodesic counterexample
of a complete umbilic-free hypersurface in S4 with nonpositive extrinsic sectional
curvature and shape operator bounded away from zero.
Finally, concerning hypersurfaces in Hn+1, Theorem 2 in the case p = 1 can be
restated as follows.
Corollary 2. Let f : Mn → Hn+1 be a complete hypersurface with nonpositive
extrinsic sectional curvature, n ≥ 5. Then f does not have extrinsic geometry
bounded away from zero.
For n = 3, 4, it follows from part (ii) of Proposition 1 that no principal curvature
can be bounded away from zero. In the case n = 4, we can actually implement a
workaround to show that Corollary 2 is still true, although the proof uses distinct
techniques involving the Gauss parametrization and will not be presented in this
article.
If we assume instead that f has nonnegative extrinsic sectional curvature in the
above statement, then plenty of counterexamples arise from a hyperbolic cylinder
f : Sk (ρ) × Hn−k
(√
1 + ρ2
)
→֒ Hn+1, which is an isoparametric hypersurface of
Hn+1 with two distinct principal curvatures. We have that f is clearly a complete
umbilic-free hypersurface with shape operator bounded away from zero and strictly
positive extrinsic sectional curvature. Since all these properties are stable under
small perturbations, we can construct many more generic counterexamples from f .
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